Assignment 7

5-2. The system

X,1(t) = x,(t)
%(1) = —x,(6) + [1 — x2(O)]x,(t) + u(t)

is to be controlled to minimize the performance measure

7= {42230 + x30) + (o) d.

The initial and final state values are specified.

(a) Determine the costate equations for the system.

(b) Determine the control that minimizes the Hamiltonian for:
(1) u(t) not bounded.

5-3. The system given in Problem 5-2 is to be transferred from the origin to the
plane

15x,(t) + 20x,(¢) + 12t = 60

while the performance measure
tr
J=1 L ui(r) dt

is minimized. The final time 7, is free.
(a) Determine the costate equations for the system.
(b) Find the control that minimizes 5# for

(i) u(r) not bounded.



5-6. A first-order system is described by the state equation
x(t) = x(@) + u(?).

(a) Find the unconstrained control, in closed-loop form, which minimizes
the functional

7= [ [15x2) + 050()] dr.

T is fixed, and x(¢/) is free.
(b) Show that for T— oo the optimal control law is of the form

u*(t) = Fx*(t),

where F is a constant. Find F.

5-11. (a) Determine the optimal control law for the system
x(t) = —x(6) + u(t)

to be transferred to the origin from an arbitrary initial state. The per-
formance measure is

J= f L3[3x20) + w0 dr.

The admissible controls are not bounded.
(b) Determine the optimal control law for the system and performance
measure in part (a) with x(1) free.

5-12. (a) Find the control that transfers the system given in Example 5.1-1 from
x(0) = 0 to the line x,(¢t) + 5x,(t) = 15 and minimizes

2
T =3[x:2) — 5% + 3 — 202 + 3 j () dr.
(b) Determine the cost of control

1 Jz W*2(7) dt

0

for part (a) above, and for parts (a) and (b) of Example 5.1-1. Compare
the control costs and discuss the comparison qualitatively.



Problem 2.8 Find the optimal control u*(t) of the plant
il(t} = i‘z{t:}; I I('D:J — 3, I|(2} =10
Eo(t) = =2z (t) + 5ult); x2(0) =5, z2(2)=0

which minimizes the performance index

J= % fu : [23(t) + (1)) dt.

Problem 2.9 A second order plant is described by

ifl{f:] = Ig(f:)
Ga(t) = —221(£) — 3z2(8) + Su(t)

and the cost function is
7= [lao + (o).
0

Find the optimal control, when x1(0) = 3 and z2(0) = 2.

Problem 2.10 For a second order system

95‘1 (t} - :Ilg{t}
Fa(t) = —21(t) + 3ult)

with performance index
w2 .
J =052 (x/2) + f 0.5u®(t)dt
1]

and boundary conditions x(0) = [0 1]" and x(t) is free, find the opti-
mal control.



Problem 2.11 Find the optimal control for the plant

:331(!’-} = iﬂgf:t}
’.L“g{i.}l = —E:E'[[:vl',} + 31.!.(#}

with performance criterion

1 - 1
J = §F11 [$1(tf} — 4]3 + EF:ZZ [Ii{tf} - 2]2

1 b
+—f [ﬁ(t} +222(t) + 4u2(t]] dt
2.Jo
and initial conditions as x(0) = [1 2|'. The additional conditions are
given below.
. Fixed-final conditions F1; =0, Fpy = 0,17 = 2,x(2) = [4 €]’

. Free-final time conditions Fy; = 3, Fog = 5,x(ly) = [4 6]' and t
is free.

. Free-final state conditions, F7; = Faos = 0,x,(2) is free and
x2(2) = 6.

. Free-final time and free-final state conditions, Fyy = 3,F5 = 5
and the final state to have z1(ty) = 4 and z2(ty) to lie on 8(t) =
-5t + 15.

Problem 3.1 A first order system is given by
2(t) = z(t) + ult).

(a) Find the unconstrained optimal control law which minimizes the
performance index

J= / “1222(t) + 0.25u3(1)]dt,
0

such that the final time t; is fixed and the final state x(ts) is free.
(b) Find the optimal control law as ty — co.



Problem 3.5 Find the closed-loop, unconstrained, optimal control for
the system

&1(t) = xo(t)
Ey(t) = —2x1(t) — 3x2(t) + u(l)

and the performance index

J=jwuﬂﬂ+maﬂ+u%mﬂ.
1]

Problem 3.8 Given a third order plant,

E1(t) = za(t)
za(t) = z3(t)
x3(t) = —hw(t) + —Twa(t) — 10z3(t) + dult)

and the performance index
[ =]
J = [] lq11 73 (£) + goaz3 (L) + gaaxd(t) + ru®(t)]dt,
for
l.gqn=gu=g3=1r=1,
2. fj"ll = 1[],@22 = 1,1‘}33 = 1,1" = 1, Eﬂld

3. qu1 = g2 =q33 = 1,r =10,

find the positive definite solution for Riceati coefficient matrix P, op-
timal feedback gain matrix K and the eigenvalues of the closed-loop
system matrix A — BK.

Problem 3.9 Determine the optimal feedback coefficients and the op-
timal control law for the multi-input, multi-output (MIMO) system

kﬁ}z[?i]xﬁ}+[é;}u&)

and the cost function

o)
J= / [225(t) + 43(t) + 0.5u?(t) + 0.25u3(t))dt.
1]



Problem #
A second order plant

m.l [t} = I:Z[t}.-
da(t) = —27 (£) — 3o (1) + u(f)
y(t) = x(t)

is to be controlled to minimize the performance index
ty 2 2
J = f [[Et —a1(t)]” + 0.02u (t}] dt (4.1.49)
to

where, {7 is specified and x(ty) is free. Find the optimal control
in order that the state x1(t) frack a ramp function 2;(¢) = 2t and
without much expenditure of control energy. Plot all the variables
(Riccati coefficients, optimal states and control) for initial condi-
tions x(0) = [-1 0].

Problem 4.1 A second order plant

r1(t) = za(t),
g (t) = —2a () — wa(t) + u(t)
y(t) = x(t)

is to be controlled to minimize a performance index and to keep the
state x1(t) close to a ramp function 2t. The final time ¢y is specified,
the final state x(i5) is free and the admissible controls and states are
unbounded. Formulate the performance index, obtain the feedback

control law and plot all the time histories of Riccati coefficients, optimal
states and control.



Problem 4.2 A second order plant

1 (t) = za(t),
&a(t) = —2x(t) — daa(t) + 0.5u(t)
y(t) = x(t)

is to be controlled to minimize the performance index
ty
J= f [4::%{0 + 623(t) + B.[]Euz[t}] dt.
tp

The final time {; is specified, the final state x(if) is fixed and the
admissible controls and states are unbounded. Obtain the feedback
control law and plot all the time histories of inverse Riccati coefficients,
optimal states and control.

Problem 4.4 Using the frequency-domain results, determine the op-
timal feedback coefficients and the closed-loop optimal control for the
multi-input, multi-output system

10

0 1 ﬂl]““)

x(t) = [_2 _3] x(t) +

and the cost function

J= fn - [422(t) + 4z2(t) + 0.5u3(t) + ui(t)]dt.




