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Abstract— This paper advocates the use of Cramer Rao Bound
(CRB) as a tool to aid decisions on guidance system configuration
for homing missiles. It is argued that the CRB provides a
quantitative understanding of the influence of model parameters
and instrumentation/ signal processing capabilities of the tracking
filter performance, without going into the specifics of filter design
and elaborate Monte Carlo performance analysis. The concepts
have been demonstrated by a bearing only target-tracking (BOT)
problem. The CRB performance for position and velocity error has
been studied with respect to (i) variation of the sampling time (ii)
simplistic change in the measurement noise variance (iii) the
effect of introducing additional measurement with different noise
variances (iv) the effect of eclipsing on measurement. The
example demonstrates that the CRB analysis provides a good
handle for tracking system design trade off. The situations where
CRB results may mislead are also indicated
Index Terms— Cramer Rao Bound, Bearing only Tracking,
Homing Guidance.
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I. INTRODUCTION

HERE has been a renewed interest in homing guidance
and on board seekers for intercepting tactical ballistic
missiles (TBM)[5]. Majority of current interceptors
employ MMW seekers with high PRF with consequent
advantages and problems. One of such problems is a kind of
periodicity in the Signal-to-noise ratio (SNR) due to a
phenomenon called eclipsing [2,15].
The seeker usually provides the line of sight (LOS) angle
and the LOS rate with respect to the interceptor body frame
or inertial frame for guidance [1,13]. The LOS angle is
obtained from the body altitude, gimbal angle and the boresight error [1,13,14]. In traditional seekers [14] no explicit
state estimation is usually performed and the LOS rate is
approximated from the servo demand signal and needs
further filtering to ensure high probability of target
interception.
For TBM interceptor, guidance configuration selection
involves, selection/specification of seekers, navigation
systems, midcourse (command guidance), homing guidance
law, guidance signal filtering and signal fusion. Guidance
signal filtering filter options may become as important as the
guidance law design. In contrast to yesteryears when
Extended Kalman Filter was probably the only choice
available for non-linear tracking problems, a variety of filters
[5] like Unscented Kalman Filters and Particle filters are
available today.
The configuration selection has to be carried out at an
early phase of the design life cycle of interceptor, when even
the airframe and propulsion system of the interceptor may
still be evolving and subsystem data may be only partially
available. The design/selection toolset for this phase should
have been entirely different from the detailed design and
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validation tools. In reality, a team either depends on the
intuitive feel of an experienced designer or goes for a
detailed analysis. For example, the effects of faster sampling,
lower measurement noise etc. on filtering performance are
known qualitatively, for specific non-linear problems, it is
difficult to estimate even “ball park” quantitative results
without extensive Monte Carlo simulation. Proper Monte
Carlo analysis with 6DOF simulation mode, need far more
design details than available in the configuration selection
phase.
We therefore advocate taking a middle road between the
“gut feelings” of a veteran and a detailed MC study. Use of
Cramer Rao bounds (CRB) fits our requirement admirably.
Posterior Cramer Rao Bounds for state estimation of nonlinear multivariable dynamic system has gained fairly wide
patronage among underwater weapon system designers,
mainly due to the work of Kerr [7] and Tichavsky [6]. We
would call such techniques by the generic name CRB. Of
late, aerospace system designers [5,8,3] have also exhibited
interest in CRB.
The CRB gives an indication of the achievable lower
bound of the error covariance and acts as a benchmark to
demonstrate efficiency of a specific filter [5], especially so,
as the filters for non-linear problems are suboptimal. CRB
also permits design trade off analysis with performance
improvement versus cost of improved instrumentation and
signal processing equipment [10].
We extend the current use of CRB analysis to that of a tool
to assist guidance configuration design for homing
interceptors.
Using the error covariance information from the CRB
studies and the adjoint method [13] permit a rapid evaluation
of a candidate estimation/fusion system and guidance
algorithm pair. Implicit in this is the assumption is the
“pessimism factor” which indicates how worse our real life
estimation algorithm be, compared to the best possible
theoretically estimator.
Due to the paucity of TBM interception problems in the
public domain, we demonstrate the power of CRB analysis
with the help of a well known bearing only tracking (BOT)
problem [9, 11, 12].
Admittedly, a poor substitute for a TBM engagement
problem, the BOT problem selected has similarities in the
kinematic situation as the target and the interceptor move in
nearly parallel path, involving large and rapid change of sight
line angle. Dissimilarities are also glaring. In the TBM
engagement the interceptor and target move towards each
other, rather the interceptor chasing the target as in the BOT
example. The distances and the velocities are about three
orders of magnitude higher for the case of the TBM
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position co-ordinates and ∆x p ,k and ∆y p ,k are the mutually

engagement.

independent zero mean Gaussian white noise sequences with
variances rx =1 × T2 m2 and ry =1 × T2 m2, respectively. The

II. BOT PROBLEM FORMULATION
A. State Model
The earliest version of this particular BOT problem occurs
in Bar-Shalom [9] and is later re-formulated by Lin et al [12].
An overview of the problem is given in [10].
The tracking is done using sight line angle measurement
from the interceptor. The target is assumed to move in a
straight line along the X-axis (fig-1), with a constant average
velocity (perturbed by the process noises). The platform, in
order to track the target, attempts to move in a course parallel
to that of the target with a near constant velocity in the same
vertical plane. The average motions of the platform are
known and imperfections are modelled by noises in X and Y
directions.
The bearing measurement is processed to estimate the
velocity and position of the target in an earth fixed coordinate
system. The observer model is non-linear and both process
and measurement noises are assumed to be Gaussian. Note
that the platform motion noise would appear as a
measurement noise in an earth fixed frame.
The target is moving in X direction with the following
discrete state space relations,
…
… (1)
xk +1 = Fk xk + G k wk
with

 x1,k 
xk = 
,
 x 2, k 

1 T 
Fk = 

0 1 

and

T 2 / 2
Gk=

T


where x1,k is the position along X-axis in meters , x 2,k is the
velocity in m/sec, wk is independent zero mean Gaussian
white acceleration noise sequence with variance q. The
sampling time, T, has a nominal value of 1sec. The

B. Measurement Models
In measurement model-I, the measurement equation (in
bearing coordinate) is given as z m,k = z k + v k
(4)
Where z k = tan

…

x1,k − x p ,k

is the average LOS and

variance R k ).
In measurement model-1, the measurement noise covariance
is given approximately by small perturbation theory as

[ ]

y p ,k 2 rx + [ x1,k − x p ,k ] 2 ry

2

R k = E vk =

{[ x1,k − x p ,k ] 2 + y p ,k 2 }2

+ rs

…

(5)

( ) ),

(with the nominal value of rs = 3

0 2

In measurement model-II, the LOS rate measurement is
also available along with the LOS. Though in reality, the
LOS and the LOS rate measurement noises may be strongly
correlated, we assume a diagonal R matrix with the element
R22 being made a variable for a systematic study.
In measurement model-III, a high PRF RF seeker was
assumed. Range and range rate signals are neglected but the
effect of eclipsing [15] was taken as shown qualitatively in
fig 6. The consequent R k is shown in fig 7.
C. Filter Initialisation
As in [12], The initial position estimate was assumed to be
obtained from the first LOS measurement and consequently
the covariance is
ry

+

y p2

rs
…
…
tan 2 z sin 4 z
= 0 , P22,0 = 1 ,. P12 , 0 = P21, 0 = 0

Fig.1 Tracking Platform Kinematics

k=0,1,…,nstep

y p ,k

−1

v k is the equivalent additive measurement noise (with

Also x̂ 2,0

y p , k = y p , k + ∆y p , k

and

y p ,k =20.

P11,0 = rx +

(unknown) true initial condition is x 0 = [80,1]′ . The target
motion noise covariance matrix may be computed, with
T 4 / 4 T 3 / 2
q
q = 0.01 m 2 / s 4 as Q k = G k G Tk q =  3
2 
T / 2 T 
The tracking platform motion may be described as:
k=0,1,…,nstep
(2)
x p ,k = x p ,k + ∆x p ,k
…

x p ,k = 4kT

mean positions of the platform are:

(6)

III. CRAMER RAO BOUND
The posterior CRB may be utilised as follows [6]. Given a
state estimation problem, the lower bound of the RMS error
(LBRE) of individual state are given by the square root of the
corresponding diagonal elements of Fisher information
matrix J k = P

−1

mv, k

(where Pmv is the minimum variance

covariance matrix, often referred as the CRB matrix) :
( LBRE ) {x j (k )} = J jj ,k −1

(3)

Where x p ,k and y p ,k are the (known) average platform
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...

(7)

IV. RESULTS OF CRB STUDIES

The effect of eclipsing, as contrasted to the same for the
SNR envelope on the LBRE of the position and velocity is
shown in fig 8 and 9. It may be noted that in this example,
the effect of eclipsing is not as severe as one would
apprehend.

A. Influence of the sampling time on CRB
It is expected that the LBRE would decrease with faster
sampling and this general trend is confirmed in Fig 2 where
the LBRE of velocity is plotted for different sampling times.
However, the effect is far from proportional. For example,
the time required for the velocity LBRE to settle to 0.6 m/s
are respectively 14s (for T=1s), 11.5s (for T=0.5s), 9.2s (for
T=0.2s). The effect of sampling time on position LBRE (not
shown) however is nearly ‘proportional’. Measurement
Model-I has been used for this study. Similar results were
obtained with EKF[4] and UKF [11]. The trend shown in
fig2 and the fact that the measurement error covariance tends
to increase when sampling time is reduced, indicate that
reduction of sampling time, beyond a certain point may not
be justified.
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Fig.2. Influence of the sampling time on LBRE of velocity

B. Influence of measurement error covariance
The effect of substantial changes in measurement error
covariance (with measurement Model-I) is evident from the
expression of the CRB matrix. With decrease in R k , Jk +1
increases, thus decreasing the LBRE of position and velocity.
Figs 3 and 4 show that when the measurement error
covariance is 1/5th of the nominal value, the terminal position
error reduces to 0.48 m compared to 1.01 m in the nominal
case. Terminal velocity error reduces to 0.2 m/s compared to
0.29 m/s in the nominal case. Similar trends were obtained
with PF [4], EKF [4] and UKF [11].
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Fig.3. Influence of measurement error covariance on LBRE of position

E. Discussions
The CRB computation is recursively done as in [3,6,10].
The velocity LBRE is emphasised as this has the highest
influence on the guidance signal, namely the LOS rate.
A caveat regarding limitation of CRB results is in order.
The CRB results should not be used as a guide in situations
where the initial error distribution and process noise
covariance for the truth and the estimator are not identical,
which is sometimes done to “improve” tracking performance.

D. Eclipsing Effect
The eclipsing effect [15] is studied with the LOS-only
measurement scheme (Measurement Model III). The SNR
for a high PRF, MMW seeker is shown qualitatively in fig
6. Note that as the range decreases, the SNR improves as
shown by the envelope of the curve. The eclipsing is
characterised (approximately) by an absolute sine wave
modulated by the SNR envelope. The corresponding error
covariance matrix in logarithmic scale is shown in fig 7.
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C. Adding another measurement
Sightline Rate signal is usually available from the seeker.
It would be of interest to know whether use of such signal
would improve the estimation accuracy. Measurement
Model-II and a sampling time of 0.1 s have been used for this
study. Three cases are considered for SLR noise covariance
2
( R 22 ) of 0.01, 0.001 and 0.0001 rad/ s . The last figure is
equivalent to the one sigma (1σ ) error of 10 mil/s and
considered fair for this class of seeker. While introducing this
additional measurement has hardly any impact on the LBRE
of position, the same for velocity shown in fig5 indicates
substantial improvement over the single measurement case
(with only sight line angle measurement) when R 22 is small
(<0.01). For larger value of R 22 the results are the same as
that for single measurement.
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Fig.4. Influence of measurement error covariance on LBRE of velocity

V. CONCLUSION

configuration design has thereby been established. This has
been achieved without going into the specifics of filter design
and elaborate Monte Carlo performance analysis for
evaluating such filters.
Thus the CRB studies address many decision problems in
the early phase of the weapon system design.
The concepts have been illustrated by a fairly well known
bearing only target-tracking (BOT) problem. For a typical
case of high PRF MMW seeker, it has been demonstrated
how the adverse effect of eclipsing may be quantified.
Similarly the utility or otherwise of fusing additional signals
is explored.
The example demonstrates that the CRB analysis provides
a good handle for tracking system design trade off.

The role of CRB for a quantitative understanding of the
influence of decision parameters on the tracking filter
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